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1. Introduction
The chiral magnetic effect (CME) is a hypothetical phenomenon which states that, in the
presence of a magnetic field B, a nonzero axial charge density will lead to an electric current along
the direction of the B field [1]. While there is common agreement that the chiral magnetic effect
may occur in off-central heavy-ion collisions, it is still under intense discussion whether or not
current measurements of charge-dependent correlation functions are sensitive enough to the CME,
see [2] for a phenomenological analysis. Regardless of how the CME will eventually manifest itself
in heavy-ion collisions, we discuss both a hydrodynamical as well as a holographic (AdS/CFT)
model for the CME. The fluid-gravity duality seems to be the right framework for a holographic
description, as it captures the response of the system to an external perturbation, in case of the
CME the perturbation by a B field. In this talk we review the fluid-gravity model proposed in [3, 4]
and derive the CME (and related effects) from it. Other holographic approaches to the CME can
be found in [5]–[16].
2. Chiral Magnetic Effect in Hydrodynamics
2.1 Hydrodynamics with n anomalous U(1) charges
The hydrodynamic regime of isotropic relativistic fluids with triangle anomalies has been stud-
ied in [17]–[21]. Such fluids typically contain n anomalous U(1) charges which commute with each
other. The stress-energy tensor T µν and n U(1) currents jaµ (a = 1, ...,n) are
T µν = (ε +P)uµuν +Pgµν + τ µν , jaµ = ρauµ +νaµ , (2.1)
where ρa, ε , and P denote the charge densities, energy density and pressure, respectively. τ µν and
νaµ denote higher-gradient corrections, and gµν is the metric with signature (−,+,+,+).
The corresponding hydrodynamic equations are
∂µT µν = Faνλ jaλ , ∂µ jaµ =CabcEb ·Bc , (2.2)
where Eaµ = Faµνuν , Baµ = 12 ε
µναβuν Faαβ are electric and magnetic fields, and F
a
µν = ∂µAaν −
∂ν Aaµ are the gauge field strengths. The anomaly coefficients are given by a totally symmetric
rank-3 tensor Cabc. As in [17], we expand the constitutive equations for T µν and jµ up to first
order, taking Aaµ ∼ O(p0) and Faµν ∼ O(p). The gauge fields Aaµ are non-dynamical.
The response of the system to the application of external magnetic fields and rotation is mea-
sured by the chiral magnetic and vortical conductivities ξ abB and ξ aω , respectively. The first-order
correction of the U(1) currents is given by
νaµ = ξ aωωµ +ξ abB Bbµ , (2.3)
where ωµ ≡ 12ε µνλρuν ∂λ uρ is the vorticity. The conductivities ξ aω and ξ abB were first introduced in
[22, 17] and are given by [17, 21]
ξ aω =Cabcµbµc− 23ρ
aCbcd µ
bµcµd
ε +P
+O(T 2) , (2.4)
ξ abB =Cabcµc− 12ρ
aCbcd µ
cµd
ε +P
+O(T 2) , (2.5)
2
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where µa are the corresponding chemical potentials. The terms in O(T 2) are related to gravitational
anomalies [23], which we do not discuss here.
2.2 Chiral magnetic and vortical effect (n = 2)
Physically, the most interesting case is that involving two charges (n= 2) [19, 20, 3]. The chiral
magnetic effect [1] can be described by one axial and one vector U(1), denoted by U(1)A×U(1)V .
A convenient notation for the gauge fields and currents is (a,b, ... = 1,2)
AAµ = A1µ , AVµ = A2µ ,
jµ5 = j1µ , jµ = j2µ . (2.6)
Let us now derive the chiral magnetic and vortical effects from (2.4) and (2.5). C−parity
allows for C111 6= 0 and C122 = C221 = C212 6= 0, while C121 = C211 = C112 = C222 = 0 [4]. The
hydrodynamic equations (2.2) then imply non-conserved vector and axial currents,
∂µ jµ =− 14(C212FAµν ˜FV µν +C221FVµν ˜FAµν) ,
∂µ jµ5 =− 14(C111FAµν ˜FAµν +C122FVµν ˜FV µν) , (2.7)
where we rewrote Eb ·Bc =− 14Fbµν ˜Fc µν (with ˜Faµν = 12ε µνρσFaρσ ).
To restore the conservation of the vector current, we add the Bardeen currents
jµB = cBε µνλρ(AVν FAλρ −2AAνFVλρ) , jµ5,B = cBε µνλρAVν FVλρ , (cB =−C122/2) (2.8)
to the vector and axial currents,
j′µ ≡ jµ + jµB , j′µ5 ≡ jµ5 + jµ5,B . (2.9)
Setting also C111 =C122 ≡C/3, the hydrodynamic equations (2.2) become
∂µT µν = FVνλ j′λ +FAνλ j′5λ ,
∂µ j′µ = 0 ,
∂µ j′µ5 =CE ·B+(C/3)E5 ·B5 . (2.10)
Using the derivative expansion
j′µ = ρuµ +κωωµ +κBBµ +κ5,BBµ5 , (2.11)
where κω ≡ ξ 2ω , κB ≡ ξ 22B and κ5,B ≡ ξ 21B , we obtain from (2.4) and (2.5) the conductivities1
κω = 2Cµ5
(
µ− ρ
ε +P
[
µ2 + µ
2
5
3
])
, κB =Cµ5
(
1− µρ
ε +P
)
. (2.12)
where µ5 ≡ µ1, µ ≡ µ2. There are analogous transport coefficients in the axial current jµ5 [3]. The
axial fields E5µ and B5µ are not needed and can now be switched off. The first term in κB and κω ,
κB =Cµ5 and κω = 2Cµµ5, is the leading term in the chiral magnetic (CME) [1] and chiral vortical
effect (CVE) [24], respectively. The second term proportional to ρ/(ε +P) actually depends on the
dynamics of the fluid.2
1κ5,B represents another effect, which occurs only in the presence of an axial B field [4].
2In [18] this term was considered as a one-loop correction in an effective theory and (ε +P)/ρ was interpreted as
the corresponding infrared cutoff in the energy/momentum integration.
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3. Fluid-gravity model for the chiral magnetic effect
In this section we construct the gravity dual of an isotropic fluid with n anomalous U(1)
charges. We start from a five-dimensional U(1)n Einstein-Maxwell theory in an asymptotic AdS
space. The action is
S = 1
16piG5
∫
d5x
√−g
[
R−2Λ−FaMNFaMN +
Sabc
6√−gε
PKLMNAaPFbKLFcMN
]
,
where Λ = −6 is the cosmological constant. As usual, the U(1) field strengths are defined by
FaMN = ∂MAaN−∂NAaM, where M,N, ...= 0, ...,4 and a = 1, ...,n. The Chern-Simons term A∧F ∧F
encodes the information of the triangle anomalies in the field theory [17]. In fact, the Chern-Simons
coefficients Sabc are related to the anomaly coefficients Cabc by
Cabc = Sabc/(4piG5) . (3.1)
The corresponding equations of motion are given by the combined system of Einstein-Maxwell
and Maxwell equations,
GMN −6gMN = TMN , ∇MFaMP =− Sabc8√−gε
PMNKLFbMNF
c
KL , (3.2)
where the energy-momentum tensor TMN is
TMN =−2
(
FaMRF
aR
N +
1
4
gMNFaSRF
aSR
)
. (3.3)
3.1 AdS black hole with multiple U(1) charges
A gravity dual to an isotropic fluid (ε = 3P) with multiple chemical potentials µa (a = 1, ...,n)
at finite temperature T is given by an AdS black hole solution with mass m and multiple U(1)
charges qa. In Eddington-Finkelstein coordinates, the metric and U(1) gauge fields are
ds2 =− f (r)dt2 +2drdt + r2d~x2 , Aa =−Aa0(r)dt , (3.4)
where
f (r) = r2− m
r2
+∑
a
(qa)2
r4
, Aa0(r) = µa∞ +
√
3qa
2r2
. (3.5)
In case of a single charge (n = 1), the background reduces to an ordinary Reissner-Nordstrøm black
hole solution in AdS5 [25].
The temperature T and chemical potentials µa of the fluid are defined by
T =
f ′(r+)
4pi
=
2r6+−∑a(qa)2
2pir5+
, µa = Aa0(r∞)−Aa0(r+) , (3.6)
where r+ is the outer horizon defined by the maximal solution of f (r) = 0, and the boundary is
located at r∞. The temperature of the fluid is the Hawking temperature of the black hole.
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4. Holographic vortical and magnetic conductivities
We will now compute the chiral vortical and magnetic conductivities ξ aω and ξ abB from first-
order corrections to the AdS geometry (3.4) using the fluid-gravity correspondence [26].
4.1 First-order corrected background and chiral conductivities
In order to become a dual to a multiply-charged fluid, the AdS geometry (3.4) must be boosted
along the four-velocity of the fluid uµ (µ = 0, ...,3). The boosted version of (3.4) is
ds2 =
(
r2Pµν − f (r)uµuν
)
dxµdxν −2uµdxµdr , Aa = (Aa0(r)uµ +A aµ )dxµ , (4.1)
where Pµν = gµν + uµuν , and f (r) and Aa0(r) as in (3.5). Following [17, 3], we have formally
introduced constant background gauge fields A aµ to model external electromagnetic fields, such as
the magnetic fields Baµ needed for the chiral magnetic effect.
The transport coefficients ξ aω and ξ abB can now be computed using standard fluid-gravity tech-
niques [26]. We closely follow [17, 27, 3], in which these transport coefficients were deter-
mined for an isotropic fluid with one and three charges (n = 1,3). We work in the static frame
uµ = (−1,0,0,0) and consider vanishing background fields A aµ (at xµ = 0). The transport coeffi-
cients ξ aω and ξ abB measure the response of the system to rotation and the perturbation by an external
magnetic field. We therefore slowly vary uµ and A aµ up to first order as (i = 1,2,3)
uµ = (−1,xν ∂ν ui) , A aµ = (0,xν ∂νA ai ) . (4.2)
Due to the dependence on xµ , the background (4.1) is no longer an exact solution of the equations
of motion. Instead with varying parameters the solution (4.1) receives higher-order corrections,
which are in this case of first order in the derivatives.
An ansatz for the first-order corrected metric and gauge fields is given by
ds2 = (− f (r)+ g˜tt)dt2 +2(1+ g˜tr)dtdr+ r2(dx2 +dy2 +dz2)
+ g˜i jdxidx j −2xν∂ν uidrdxi +2
(( f (r)− r2)xν ∂νui + g˜ti)dtdxi ,
Aa =
(−Aa0(r)+ ˜Aat )dt + (Aa0(r)xν ∂νui + xν∂νA ai + ˜Aai )dxi , (4.3)
where we denote the first-order corrections by g˜MN = g˜MN(r) and ˜AaM = ˜AaM(r) and choose the
gauge g˜rr = 0, g˜rµ ∼ uµ , ˜Aar = 0, ∑3i=1 g˜ii = 0.
The first-order corrections can be obtained by substituting the ansatz (4.3) into the equations
of motion (3.2). The computation is straight-forward but lengthy and can be found in appendix C
of [4] (To obtain the corrections for an isotropic background, set wL = wT = 1 there [4]). For the
magnetic and vortical effects, we only need the gauge field corrections ˜Aaµ(r) given by
˜Aat = 0 , ˜Aai (r) =
∫ r
∞
dr′ 1
r′ f (r′)
[Qai (r′)−Qai (r+)−Cir+Aa0′(r+)+ r′g˜ti(r′)Aa0′(r′)] , (4.4)
where Qai and Ci are defined by
Qai ≡ 12SabcAb0Ac0ε i jk (∂ juk)+SabcAb0ε i jk
(
∂ jA ck
)
,
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Ci = 4c(r+)
(
1
3S
abcAa0(r+)Ab0(r+)Ac0(r+)ε i jk (∂ juk)+ 12SabcAa0(r+)Ab0(r+)ε i jk
(
∂ jA ck
))
,
c(r+) =
[
r+( f ′(r+)−4∑
a
Aa0(r+)Aa0′(r+))
]−1
.
The term involving g˜ti(r′) will not be needed in the following.
On the boundary of the asymptotic AdS space (4.3), the metric and gauge fields couple to
the fluid stress-energy tensor and U(1) currents, respectively. Holographic renormalization [28]
provides relations between these currents and the near-boundary behavior of their dual bulk fields.
The U(1) currents jaµ are related to the bulk gauge fields Aaµ by [28, 29]
jaµ = 1
2piG5
[
η µνAa(2)ν − ˆjaµ
]
, ˆjaµ ∝ Sabcε µνρσAb(0)ν ∂ρAc(0)σ , (4.5)
where Aa(n)µ are the nth-order coefficients in a 1r -expansion of the bulk gauge fields A
a
µ(r,x
µ ). Set-
ting Aa(0)ν = µa∞uν = 0 allows us to ignore contributions from ˆjaµ .
Expanding the solution in 1
r
and substituting only the corrections ˜Aaµ , we get the currents
˜jaµ = lim
r→∞
r2
2piG5
η µν ˜Aaν(r) =
1
4piG5
η µν
(Qaν(r+)+ r+Aa0′(r+)Cν) . (4.6)
Substituting (3.5) into the right-hand side of (4.6) and comparing the result with3
˜jaµ = ξ aω ωµ +ξ abB Bbµ = ξ aω 12ενρσ µuν∂ρuσ +ξ abB ενρσ µuν ∂ρA bσ , (4.7)
we finally obtain the coefficients
ξ aω = 14piG5
(
Sabcµbµc− 2
3
ρa
ε +P
Sbcd µbµcµd
)
, (4.8)
ξ abB = 14piG5
(
Sabcµc− 1
2
ρa
ε +P
Sbcdµcµd
)
, (4.9)
with µa ≡ −Aa0(r+) (since Aa0(r∞) = µa∞ = 0), in agreement with (2.4) and (2.5). Restricting to
two charges (n = 2) and performing similar manipulations as in section 2.2, we recover the chiral
conductivities κω and κB given by (2.12).
4.2 Subtleties in holographic descriptions of the CME
The conservation of the electromagnetic current requires the introduction of the Bardeen
counterterm into the action. In AdS/QCD models of the CME, this typically leads to a vanishing
result for the electromagnetic current [8, 10]. The problem is related to the difficulty of introducing
a chemical potential conjugated to a non-conserved chiral charge [8, 9]. It is possible to modify the
action to obtain a conserved chiral charge [8]. This charge is however only gauge invariant when
integrated over all space in homogeneous configurations.
3Use also 4r+Aa′0 (r+)c(r+) =
√
3qa/m = ρa/(ε +P) for the prefactor of the second term in (4.6) [4] (We thereby
correct a factor 4 in [4]. Note that ρa = ja0 =√3qa/(4piG5)).
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In AdS black hole models of the CME, one usually introduces a chiral chemical potential dual
to a gauge invariant current, despite it being anomalous [9, 3]. Consider the physical case with two
charges (n = 2) as in section 2.2 and define axial and vector gauge fields by AAµ = A1µ and AVµ = A2µ .
Then ˆjµ = ˆjµ2 gives rise to an additional contribution of the type
ˆjµ ⊃ ε µνρσAA(0)ν (x)FV(0)ρσ (x) , (4.10)
which is however forbidden by electromagnetic gauge invariance [8]. This forces us to set AA(0)ν (x)=
µ∞5 uν = 0 (at x = 0). However, the chiral chemical potential µ5 = AA0 (r∞)−AA0 (r+) = µ∞5 −AA0(r+)
should be non-vanishing. Since µ∞5 = 0, AA0 (r+) must be non-vanishing, AA0 (r+) 6= 0, correspond-
ing to a non-vanishing gauge field at the horizon. In a static charged AdS black hole solution, one
should set AA0 (r+) = 0 in order to get a well-defined gauge field at the horizon [25]. However, this
is not necessarily required in the fluid-gravity duality, see [22], in particular footnote 5 therein, and
AA0 (r+) 6= 0 does not lead to an inconsistency.
5. CME in anisotropic fluids
The above analysis can be repeated for anisotropic fluids with (rest-frame) stress-energy tensor
T µν = diag(ε ,PT ,PT ,PL) and different pressures PT 6= PL, see [4] for details. It is expected that in
this case the chiral magnetic conductivity κB may depend on the anisotropy parameter εp = PT−PLPT+PL .
In fact, for small anisotropies εp, we found (average pressure ¯P = (2PT +PL)/3) [4]
κB ≈Cµ5
(
1− µρ
ε + ¯P
[
1− εp6
])
. (5.1)
Despite the crudeness of the model, one can assume that such an anisotropic fluid describes to some
extent the anisotropic quark-gluon plasma, with our εp imitating the real εp ≈ 2v2 for pions. Since
the net chemical potential µ is quite small in current heavy-ion experiments, the dependence on εP
(and hence v2) in (5.1) appears to be very mild. Even though the anisotropy dependence of κB is
very weak, (5.1) tells us how the CME, if present in the experimental data, can be separated from
the v2-dependent background (for one of the attempts of such a separation see [2]).
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